We present an analysis of acoustic wave propagation in a random shallow-water waveguide with an energy absorbing sub-bottom, in which deviations of the index of refraction are a stochastic process. The speci c model we study is motivated by the oceanic waveguide in shallow waters, in which the sub-bottom sediment leads to energy loss from the acoustic eld, and the stochastic process results from internal (i.e. density) waves. In terms of the normal modes of the waveguide, the randomness leads to mode coupling while the energy loss results from di erent attenuation rates for the various modes (i.e. mode stripping). The distinction in shallow water is that there exists a competition between the mode coupling terms, which redistribute the modal energies, and mode stripping, which results in an irreversible loss of energy. Theoretically, we formulate averaged equations for both the modal intensities and uctuations (the second and fourth moments of acoustic pressure, respectively), similar to previous formulations which, however, did not include the e ects of sub-bottom absorption of acoustic energy. The theory developed here predicts that there is a mismatch between decay rates between the second and fourth moments, implying that the scintillation index (which is a measure of the strength of the random scattering) grows exponentially in range. Thus the usual concept of equilibrium or saturated statistics must be modi ed. We present Monte Carlo simulations of stochastic coupled-mode equations to verify these theoretical conclusions.
I. INTRODUCTION
At low to moderate acoustic frequencies (below a few kilohertz), the ocean is remarkably transparent to sound propagation. However, sound-speed inhomogeneities resulting from oceanic phenomena such as internal waves, layering, and turbulence induce uctuations in sound transmission which lead to distortions of the acoustic wave front. Consequently, the phase and amplitude of the acoustic signal have spatial and temporal variability. This variability prescribes bounds to acoustic resolution of objects, similar to the resolution limits of ground-based telescopes, thus limiting the usefulness of undersea surveillance systems. For the aforementioned acoustic frequencies, this variability is caused predominantly by internal waves, and there has been much research activity devoted to understand acoustic wave propagation through uctuating sound-speed elds that are caused by internal waves. 1 Most of this activity has concentrated on deep-water environments, where the internal wave eld is well characterized (both experimentally and theoretically) as a stationary, stochastic eld, with little geographic variability. 2 In this environment with the bottom at abyssal depths, bottom interaction of the acoustic signals can be ignored, and acoustic propagation conserves energy, i.e. there is no attenuation. The application of wave propagation through random media (WPRM) theory to a deep-water waveguide has focused on understanding the distortions of acoustic pulses (travel-time delays and pulse-shape deformation) 3, 4 and extracting intensity moments, such as the intensity average, 5 I ave hIi, the second moment of intensity, 6 I 2 I 2 , and the scintillation index, 1,7 SI (I 2 =I 2 ave ) ? 1 . In weakly uctuating media or propagation over short distances, the distortion of the wave fronts is su ciently small that the variation of the signal amplitude in the cross-range direction is a small fraction of the average amplitude. This is the weak scattering or unsaturated regime. 1 Unsaturated theory has been shown to accurately describe wave transmission when the scintillation index is less than 0:3 8 and has been applied to acoustic transmission across a turbulent tidal ow 9 and acoustic transmission underneath an ice ow. 10 Over long propagation paths or in strongly uctuating media, wave front distortion is severe, which causes spatial and temporal decorrelation of the signal. This is the fully saturated regime of scattering characterized by large intensity uctuations with a variance comparable to the average intensity (i.e. the scintillation index is near one). Much research e ort has been devoted to studying the transition to this saturated behaviour of the intensity statistics by looking at the range dependence of the scintillation index. 7, 11 The saturated regime is also characterized by an equipartioning of energy amongst all the modes.
In deep water environments the signal must propagate O(10 3 ) kilometers before equilibrium is attained. 12 In coastal environments or on the continental shelf, interaction of acoustic signals with the ocean bottom and sub-bottom sediment presents complexities not present in deep water waveguides. For example, bottom-penetration and the subsequent acoustic attenuation resulting from sediment absorption will lead to the decay of both the average and second moment of intensity, thus altering our conception of acoustic signal propagation, even in the absence of sound-speed inhomogeneities. There have been e orts to include the presence of the bottom boundary into WPRM theory by formulating the theory in terms of acoustic normal-modes. However, the e ects caused by sediment absorption have not been included in most studies (an exception is Dozier 13 ).
Since bottom e ects radically modify our concept of deterministic propagation, any realistic theory of acoustic propagation in shallow-water environments should include them.
In a modal description, the sound-speed variability induces a coupling between the modal amplitudes, with the spatial scale of two-way energy transfer between the modes determined by the inverse of the smallest non-zero eigenvalue of the matrix of mode coupling coe cients. In the presence of sediment penetration, the modal energies typically decay at di erent rates, a phenomena known as mode-stripping. The inverse of the di erence between modal attenuation parameters sets a spatial scale over which the energy balance between di erent modes changes (e.g. the least attenuated mode will have relatively more energy) and thus competes with the e ect of random media propagation to equilibrate the modal energies. The major e ect of this competition between equilibration of model energies and di erential mode-stripping is to provide mismatch between the exponential decay (in range) of the di erent intensity moments so that, for example, the scintillation index actually grows exponentially in range. In non-absorptive media, a large scintillation index is associated with intensity spikes in a time-series record; for us this exponential growth is an outcome of the mismatch between the decay rates in range between the average and the second moment of intensity.
The point of the present work is to highlight this growth and to show that the usual measures (e.g. the scintillation index) de ning the regimes of scattering in deep-water WPRM are invalid. These conclusions validate our preliminary results. 14 Our main tool will be Monte Carlo simulations of coupled mode equations. The deterministic environment will consist of a at bottom and a constant sound-speed pro le. While these conditions do not adequately describe most shallowwater environments, they su ce to illustrate the competition between mode stripping due to bottom interactions and mode coupling resulting from random volume inhomogeneities. We employ a hardbottom boundary condition, i.e. the normal derivative of the pressure eld vanishes, while we model the e ect of sub-bottom absorption by incorporating an attenuation (in range) parameter into the modal propagation equations. The nature of the random component of the acoustic signal due to volume inhomogeneities should not be sensitive to the form of the wavefunction near the bottom. However, the replacement of impedance boundary conditions by a volume attenuation parameter cannot be justi ed a priori; our main justi cation is that we can obtain analytical results and have qualitative agreement between our model and results by Dozier, 13 who included sub-bottom attenuation in a normal mode calculation. We have also seen qualitatively similar behaviour in more sophisticated nite-element parabolic equation (FEPE) results. 15 Again our aim, in this paper, is not to provide realistic simulations but to develop an understanding of how the aforementioned competition a ects the usual measures used in WPRM.
The preceeding discussion is general and the speci cs of the random component of the ocean environment were not discussed. However, in this paper we are interested in a shallow-water environment in which volume inhomogeneities of sound-speed are caused predominantly by a stochastic internal wave eld. Very little is known about the space-time statistics of internal waves in littoral waters. In the analytic and numerical modeling presented in the sequel, we use an internal wave eld in which sound-speed uctuations obey Gaussian statistics, are homogeneous and stationary, and have a band-limited Garrett-Munk type of energy spectrum (Ref. 1, pp. 59-61) . This is probably not realistic for most coastal areas -the spectrum is not correct while stochastic internal waves are most likely intermittent. This has no e ect upon the qualitative discussion concerning the e ects of the competition between mode-stripping and random mode-coupling; the mode-coupling coe cients will change but the general behaviour will not. We take the deterministic component of the sound-speed pro le to be constant and also take the buoyancy frequency to be constant. This is an environment not likely to be realized in the ocean but it isn't physically impossible. The buoyancy frequency requires a constant vertical density gradient while the sound speed depends on the equation of state (e.g. in an ideal gas the sound speed is independent of the density). The important point once again is inclusion of more realistic pro les would numerically modify the mode-coupling coe cients (and make the analytical work impossible) but the qualitative behaviour (i.e. growth of the scintillation index) would remain.
The ocean environment and a brief review of the mathematical model used to describe the internal wave eld are presented in Sec. II ( a more complete description can be found in Ref. 1). In Sec. II, we introduce the acoustic stochastic coupled-mode propagation model (the mode coupling coe cients are random variables resulting from sound-speed inhomogeneities). This model is a variant of that used by Dozier and Tappert, 11 and is the basis of our Monte Carlo simulations. It is similar to that obtained by Dozier, 13 who derives the master equations describing only the average modal intensities. We derive the master equation for the modal intensities and the coupled uctuation equations assuming that the cross-modal coherences vanish and the validity of the Markov approximation (i.e. correlations in the propagation direction are short range as compared to distances of interest). Both Dozier and Tappert 11 and Beran and Frankenthal 18 discuss the validity of ignoring the cross-modal coherences. Generally, as the number of active modes increases the cross-modal coherences become relatively unimportant. We analytically solve these equations for the simplistic situation where there are only two propagating modes. In Sec. IV, we present the results of analytical and Monte Carlo simulations to corroborate the results of Sec. III and to assess the validity of ignoring the cross-modal coherences. In Sec. V, we summarize and discuss the implications of our work.
II. OCEAN ENVIRONMENT
To isolate the e ects of the competition between mode-stripping and volume inhomogeneities, we consider a simple environment with a deterministic iso-speed pro le and simple internal waves. As a consequence, the vertical mode structure of both the acoustic and internal wave elds are calculated analytically, simplifying both the theoretical calculations and the Monte Carlo simulations of the modal and pressure eld statistics. In this section, we brie y review the mathematical model used to describe the internal wave eld. A more complete description can be found in Refs. 1 (pp. 44-61) and 2.
We model the shallow-water waveguide as having constant depth, D, and take the sound speed, c(r; z; t), to be of the form c(r; z; t) = c 0 + c(r; z; t) ; (1) where c 0 = 1500m=sec is the deterministic pro le and c(r; z; t) is a random contribution to the sound speed pro le. The sound-speed uctuations result from density inhomogeneities caused by vertical displacements of a uid element by internal waves. Thus, c is proportional to the internal-wave displacement eld. This displacement (and the resulting c) is written as a linear superposition of internal waves with random phases between the di erent internal wave modes. If enough waves are superposed and their phases are distributed uniformly over the interval 0; 2 ], then by the central limit theorem, the resulting c is a realization of a Gaussian random process whose average over an ensemble of such realizations is zero.
The vertical displacement of a uid element, w(x; y; z; t), can naturally be expanded in terms of internal wave modes, i.e.
w(x; y; z; t) = X l Z Z d x d y a l ( x ; y )w l; x; y (x; y; z; t) :
The internal wave modes are w l; x; y (x; y; z; t) = l (z) exp i ( x x + y y ? ! l t)] ;
where q 2 x + 2 y is the horizontal wavenumber of the internal wave with components x and y in the x and y directions, respectively, l is the mode-number, and ! l is the angular frequency obtained from the dispersion relation. The normalized eigenmode, l satis es the linearized NavierStokes equation, 2
where f is the local inertial frequency (which we take as 0.045 cph) and N(z) is the buoyancy (Brunt-V ais al a) frequency (which we take to be a constant, N 0 = 2.6 cph). The boundary conditions at the top and bottom of the model waveguide are
With a depth independent sound-speed and bouyancy frequency, the solution of Eq. (4) 
In what follows we reduce the above three-dimensional problem to two dimensions by assuming horizontal isotropy. The relevant horizontal variables change from x; y; x ; and y to the radial coordinate, r p x 2 + y 2 , and = q 2 x + 2 y .
The sound-speed uctuations are proportional to the internal wave displacements, 1 c(r; z; t) c 0 GN 2 0 w(r; z; t); (6) where G is constant at any geographical location. Expanding c in terms of the modes, Eq. 
where we have absorbed the factor of GN 2 0 into the de nition of A l ( ). The task now is to de ne this amplitude so that (1) c is a zero-mean gaussian process and (2) the correlation function (or energy spectrum) is consistent with that due to a Garrett-Munk internal wave spectrum. By the central limit theorem 17 the superposition of a large number of components with random phases will have gaussian statistics. We then let A l ( ) = q F l ( )e i l ; (8) where l are the random phases uniformly distributed over the interval 0; 2 ]. The above form will yield a correlation function consistent with Garrett-Munk if the quantity F is proportional to a Garrett-Munk internal wave spectrum, which is given by 1, 2 F l ( ) = where l l =D is the wavenumber associated with the lth vertical mode and = 3 =D. This form of the spectrum comes from the (horizontally isotropic) three dimensional spectrum integrated over the horizontal angle (hence an extra factor of 2 ). The quantity 2 0 is the variance of the relative sound-speed uctuations c=c 0 (a typical deep water value is 1:6 10 ?7 ). In this paper, we consider di erent values for 2 0 , which may be more representative of shallow-water environments. The spectrum given in Eq. 9 is of the same form as the deep water spectrum except that allowable vertical mode numbers are restricted by the actual depth of the shallow-water waveguide. Also note that, in contrast to other authors, 1,11 the factors relating displacement to sound-speed variability have here been absorbed into the sound-speed variance, 2 0 , which for the other authors represent the internal wave displacement variance.
III. STOCHASTIC NORMAL-MODE THEORY
In this section, we develop equations for the coupled system of stochastic di erential equations for the modal amplitudes. Although these equations form the basis of our Monte Carlo simulations, they are unwieldy and provide little insight. Under approximations to be detailed later, coupled equations describing the second-and fourth-order moments of the modal amplitudes are derived.
With these moments, we can calculate the second moment of acoustic intensity, in particular, the scintillation index. These moment equations are similar to those obtained by Dozier and Tappert. 11 However, the inclusion of acoustic energy losses due to sub-bottom interactions results in a modi ed system of equations for the modal moments. The form of these moment equations could be intuited from those of Dozier and Tappert by assuming that the sub-bottom attenuation only results in modal-energy loss. The main reason for our complicated derivation is to determine what further assumptions are needed to obtain this answer. We nd that it is necessary to assume approximate energy conservation within a medium correlation length (i.e. the spatial scale associated with the energy loss is larger than this correlation length). The reader can skip over the derivation of the moment equations and go directly to the relevant moment equations (26) and (37). The equation of the second moment is similar in form to that obtained by Dozier 13 which was for a di erent ocean environment. In particular, Dozier was concerned with the e ects of sub-bottom random inhomogeneities upon the statistical and coherence properties of the acoustic eld. In contrast, we consider the e ects of internal waves and a lossy sub-bottom upon the acoustic eld.
A. Stochastic Coupled, Normal-mode Equations 
and A n is the nth range-dependent mode amplitude. We have extracted the quantity p n from the modal amplitudes in order to simplify later work (e.g. the mode-coupling matrix then becomes symmetric). To facilitate the analytic and numerical work, we assume that the e ect of sediment absorption can be modeled by a volume attenuation parameter, n , of the modal amplitudes. Consequently, we are allowed to use a hard or impenetrable boundary condition at the bottom. In reality, an impedance type of boundary condition should be imposed. The main justi cation for our procedure is that the qualitative behaviour of the intensity statistics agrees with extensive PE modeling that we have done and it is tractable analytically. In addition, the theory gives master equations which are the same as those derived by Dozier, 13 albeit for di erent ocean environmental conditions. Using the quasi-static and narrow-angle forward scattering approximations 11 and including bottom loss via the quantity n , the modal amplitudes obey 
The acoustic wavenumber is given by k = !=c 0 , where ! is the acoustic source angular frequency. The quantity nm is the same as R nm considered by Dozier 
The quantity lmn represents the scattering of energy from acoustic mode m into acoustic mode n by the internal wave mode l and, for the simpli ed environment considered here, can be evaluated analytically. In particular, it is given in terms of the internal-wave vertical mode, IW l , and acoustic vertical mode, m , as 
This expression is used in the next section to derive equations for the moments of the modal amplitudes.
B. Second moment equations
To gain insight about the behaviour of pressure statistics, we consider the equations for the average modal intensities, A 2 n , and the coupled-uctuations, A 2 n A 2 m . The governing equations will be derived by the method developed by Codona et al. 16 The results are similar to those obtained by Dozier and Tappert 11 and Dozier. 13 We assume that the cross-modal coherence hA n A m i vanishes and that the correlation range, R c , of sound-speed inhomogeneities in the propagation direction is small. A consequence of the relationship between nm and c=c 0 given in Eq. (11c) is that the correlation range of mode-coupling coe cients is of the same order as R c . The actual magnitude of R c depends on which moment we are considering and will be discussed in detail later. For the environment considered here, we numerically nd that 1 < R c < 2 km, which is consistent with typical deep water values. 1 Following Codona et al., 16 
Notice that while is a Hermitian matrix, because of modal attenuation I is not. This re ects that the our wave system is not energy conserving due to the sub-bottom absorption.
We start by deriving a master equation for modal intensities mn A I;m A I;n : (17) Although is an N N matrix, it is convenient to think of it as an N 2 vector quantity, i , with 
where (0) is the initial value of at r = 0; it depends on the modal distribution of the source and is assumed independent of the medium uctuations (i.e. (0) is uncorrelated to~ (r).) The symbol R is a range ordering operator similar to the time-ordering operator in quantum mechanics. 16 Becausẽ is a matrix (and possibly a non-local operator), the ordering of products of the quantities in Eq. (19) is important since the di erent matrices are evaluated at di erent intermediate ranges.
The R symbol indicates that the matrices within the brackets :::] are not necessarily to be applied in the order in which they appear, but rather in such a way that matrices with smaller values of range variable r are to be applied rst. For example, Note the left hand side corresponds to the second order term in the expansion of the exponential of Eq. (19) . The right hand side results from directly integrating Eq. (18a) and solving the resulting integral equation to second order (i.e., iterating the integral equation twice). The R-ordering notation is basically a convenient way of compactly expressing all the terms in the iterated series solution of . Its utility comes when we take ensemble averages of the solution (19) .
Since we assume that the sound-speed uctuations can be represented by a Gaussian process, it can be shown that the mode-coupling matrix,~ , is also a Gaussian process. The expectation value of the above solution is straightforward to evaluate using the fact that the expectation value of the exponential of a zero-mean Gaussian random variable is the exponential of half the variance 17 
Note that because the rst~ (R) on the right hand side has as its argument the range R, it is already correctly ordered and therefore the R symbol can be taken through this~ . However, the second~ that it is correlated with can be mixed in anywhere with the remaining~ 's appearing in the exponential. The Markov approximation consists of assuming that this~ is already in the correct order and the whole correlation can be taken through the ordering symbol, yielding
The error resulting from this approximation is small if the dimensionless quantity where R c is uctuation correlation length and~ 2 m is a typical value of the random mode-coupling strength, which we take to be the maximum of the variances of the di erent mode-coupling coe cients~ mn;jk , given in Eq. (18b) A discussion of why the smallness of this quantity allows us to make the Markov approximation is given in Codona et al. 16 Recall that~ Eq. (18b)] includes exponentially increasing (in range) factors in the interaction representation and therefore for to remain small, these exponentials should not vary signi cantly over the medium correlation length. This is a valid approximation if the decorrelation length of sound-speed inhomogeneities is smaller than typical scales associated with attenuation of the acoustic signal. 13 For Dozier, the source of his sound-speed uctuations is sediment inhomogeneities with a decorrelation scale of 50-100 meters, much smaller than typical attenuation lengths. 13 Given the spatial scales associated with internal waves, we are in a marginal position as to whether or not the exponential terms can be neglected, but we make this simplifying assumption and let comparisons with Monte Carlo results be the judge of the validity of the approximation. An upper bound for can be estimated by noting that nm in Eq. (11c), is a projection onto the vertical modes of the sound-speed uctuations times the acoustic wavenumber and therefore its variance is bounded by k 2 2 0 . Thus, k 2 R 2 c 2 0 10 6 2 0 , for the values used in this paper. This is a crude upper bound and doesn't properly take into account the overlap integrals between the acoustic and internal-wave vertical wavefunctions; the actual bound is less than this by an order of magnitude.
The behaviour of the modal intensities and the cross-modal coherences as a function of the range is determined by Eq. (23). If one makes the random phase approximation for the di erent modal amplitudes 11 or shows that the cross-modal correlations decay in range (relative to the modal intensities), 18 are those given by Beran and Frankenthal. 18 We obtain the master equation given in Dozier 13 by neglecting the exponential factors. This is justi ed since we assumed negligible variation of these exponential factors over the correlation range in making the Markov approximation, which then implies energy conservation over the correlation range, R C . Note that the a's and b's are then range independent and equal. As noted, the random mode-coupling coe cients form a stationary stochastic process and therefore the correlation depends only on the di erence of the range coordinates. Since we are interested in the long-range behaviour of the modal intensities, it su ces to use the in nite range limit of Eq. (26b) 
As pointed out by Dozier, 13 the simple form of the moment equation and the assumption that at least one n is nonzero leads to some general conclusions about the behaviour of the modal intensities. First, if mode n has more energy than all of the other modes it must lose energy to those modes; but it can never lose all of its energy for then @? n @R = X m6 =n a nm ? m ; (28) which indicates that mode n must gain energy. In addition, the total power, P n ? n , decreases with range. In order to understand the asymptotic range behaviour of the modal intensities, we follow Dozier 13 
As done previously in Sec. B, , we take the range derivative of Eq. (35) and make the Markov approximation to obtain @ h i @R = ?
The error in making the Markov approximation is similar to that in second moment case; the criterion for its validity is essentially the same and we make the same approximation of ignoring exponential growth over the correlation range inside of integrals. Since our interest is the moments of intensity, it is convenient to look at N(N + 1)=2 quantities ij (2 ? ij ) D jA i j 2 jA j j 2 E ;
where i j and ji = ij . Treating the 's as a vector and after some tedious algebra we secure @ @R = ? ; (38) where the N(N + 1)=2 N(N + 1)=2 matrix is independent of R and is given by (39) Except for the attenuation factors, i 's, this is the same equations as in Dozier and Tappert. 11 As with the modal intensities, we diagonalize the matrix 
where we have incoherently summed the modal amplitudes, which is valid if the cross-modal coherences are negligible. The implication of the decaying behaviour of the average modal energy and its second moment is that the variance of the modal energy behaves asymptotically as 
Since the variance is positive semi-de nite, the rate of growth factor 0. As we shall see analytically in the two-mode case and as a result of the Monte-Carlo calculations for the case of many modes, we nd that is positive and non-zero except in the limit of no attenuation.
This leads to the unexpected conclusion that the scintillation index I 2 = hIi 2 ? 1 also grows exponentially in range with the same growth rate . The usual implication 1 of a large scintillation index is that the eld is in a focusing region, such as would occur at a caustic, and the resulting intensity distribution has long tails where very high-intensity events do not have an exponentially small probability of occurring. However, in our case this large scintillation index is due to mismatch between the decay rates of the modal energy and the modal variance.
IV. MODEL PREDICTIONS
We present analytical and numerical simulation results in this section which will illustrate and verify the theoretical predictions made in the previous sections. Initially, we consider the case where only two propagating acoustic modes exist for all ranges R. For this case, exact solutions for the moments can be obtained. Although this is not a very realistic scenario, the essential physics and behaviour of the system can be more readily discerned. We subsequently consider the general case where the number of propagating modes is 15. We use a Monte Carlo simulation method to determine the range behaviour of the modal moments. The modal attenuation parameters are taken from the output of the program Modal Acoustic Transmission Loss (MOATL) 19 in which modes are propagated in an environment with a 100 m water depth and a sub-bottom with parameters typical of many shallow-water areas.
A. Closed-Form Solution
Since the exponential growth of the scintillation index is unusual and unexpected, we illustrate how this situation can occur in a simpli ed setting. We consider only two propagating modes, where closed-form solutions can be readily obtained.
For two modes, the relevant 2 2 coupling matrix, Eq. 
B. Monte-Carlo simulations
The derivation of the averaged equations of the previous section depends upon two approximations:
(1) slow variation of the acoustic eld (including the exponential decay of the modal amplitudes) over a distance of the correlation length of the medium (the Markov approximation) and (2) the absence or decay of the cross-modal coherences (the incoherent eld approximation). As noted earlier, the Markov approximation is at best marginal when modeling volume inhomogeneities due to stochastic internal waves. Thus it is important to determine the signi cance of these two approximations to our prediction of the impact of di erent range decay rates of the rst and second moments of acoustic intensity. We perform numerical experiments and compare the results to those obtained from our theory, and subsequently verify the prediction of the exponential growth of the modal variances (or scintillation index).
We use a Monte Carlo simulation method to generate realizations (500 for the following results) of the random mode-coupling coe cients, Eq. (12). For each realization, the coupled mode equations, Eq. (11a), are solved using a variant of the range-marching procedure used by Dozier and Tappert . 12 Each of the relevant quantities (e.g. modal energies, modal variances or acoustic intensity) is then averaged over the ensemble of realizations. The range-marching algorithm consists of advancing the modal amplitude, A n , by numerically integrating Eq. (11a) in range by treating the mode-coupling term nm , Eq. (12), as constant over a range step r = 1 km (the constant we take is the average of the nm values at the endpoints of each range step). With this approximation, Eq. (11a) is a piece-wise constant coe cient matrix equation, which is trivially solved by a diagonalization method. The diagonalization of the matrices is done with IMSL routines.
In the following rst section, we make quantitative comparisons to simulations with only two propagating modes. The essential physics of the problem are well understood with this simple model. In Sec. 2, we show that in multi-mode simulations the qualitative behaviour is still consistent with exponential growth of the either the variance or scintillation index.
Two modes
For the two mode case, we take the modal attenuation parameters as 1;2 = 0:0513; 0:1873 km ?1 , which are typical values for many shallow-water environments. This leads to the di erential energy loss = 0:136 km ?1 . The initial values for the two modal amplitudes are respectively 0:6 and 0:4. In Fig. 2 , the nominal decay rate of the modal energies (de ned as the negative logarithm of the average modal energies divided by the range) is shown as a function of range. This quantity should asymptotically approach the expected value 1 , the smallest eigenvalue determined from the master equation, which is shown as dashed line. We performed simulations for two di erent relative sound-speed variances, 2 0 = 10 ?5 and 10 ?6 . The corresponding a 12 values are 0:24 and 0:024 km ?1 , which are consistent with values given by Dozier and Tappert 12 when the appropriate change in 2 0 is noted. These values of a 12 and can be used to determine from Fig. 1 . In Fig. 3 we plot the nominal growth rate of the modal variances (de ned as the logarithm of the fourth moment of the rst modal amplitude divided by the range). As predicted by Eq. (43a), this quantity asymptotically approaches , which is shown as a dashed line.
To verify the validity of ignoring the cross-modal coherences when calculating the moments, the real part of hA 1 A 2 i normalized to the modal amplitudes is shown in Fig. 4 . It is seen that the modes are predominantly incoherent; the coherent part of the modal amplitudes represent about 10% of the amplitudes. These results indicate that there is excellent agreement between the predictions and numerical experiments: this indicates that the master equations accurately predict the modal energies. In addition, the theoretical prediction of exponential growth of the modal variances and the scintillation index is substantiated.
More modes
Although the previous numerical experiments indicate that the scintillation index grows exponentially in range, a valid criticism is that this growth resulted from the fact that only two propagating modes were considered. We now present numerical evidence for the multi-mode case that the mismatch between the fourth and second moments decay rates persists, and, as a consequence, exponential growth of the scintillation index is observed. We consider the case where the acoustic eld consists of 15 modes and the sound-speed variance is 2 0 = 10 ?5 . 10 :51 The initial conditions are the same as in the two-mode case, 0:6 and 0:4 respectively for the rst two modes. In Fig. 5 , the decay rate of the di erent modal energies (? ln (? i ) =R plotted on a color scale) is shown as a function of the range, R. From Eq. (31a), we do not expect that the di erent modes go to the same asymptotic value; the colors associated with the di erent modes are indicative of the limit modal distribution, Eq. (31b). A nominal asymptotic value 0:24 km ?1 for the rst mode is not too dissimilar with the value for the case of two propagating modes obtained in the previous section. Because the extra modes (i.e. modes 3 through 15) have larger values of the attenuation parameter n it is not surprising that the two-mode and multi-mode values of the decay rate are similar.
In Fig. 6 , we show the growth rates of the modal variances, ln(V nn =? 2 n )=R, as a function of the range. This growth rate still shows some variability, but this gure should be compared with that of Fig. 3 where it is seen that there is comparable (10 -20%) variability for a similar quantity. The asymptotic growth rate appears to approach a nominal asymptotic value of about 0:01 km ?1 which about half the value of the two-mode case; this large a di erence is not due to the remaining variability seen in the gure. Because this growth results from a mismatch between decay rates for the second and fourth moments, we do not expect the two-mode and multi-mode growth rates to be as similar as it was for the decay rates of modal energies.
V. SUMMARY
We have extended the stochastic coupled-mode equations which describe acoustic propagation in oceanic waveguides with random sound-speed inhomogeneities to include the e ects of sub-bottom attenuation of the acoustic energy. The resulting averaged equations predict the exponential decay rates of both second moment (i. e. the average modal energy) and the fourth moment of the modal amplitudes. The mismatch between these decays implies that the normalized variance of the modal energy will increase exponentially with range. This conclusion also holds for the variance of acoustic intensity (i.e. the scintillation index) indicating that one of the standard measures of the strength of scattering in random media is not appropriate for shallow-water environments.
The application of the present results to realistic shallow-water environments has some caveats. The use of a stationary, band-limited Garrett-Munk spectrum is suspect, but as noted in the introduction, the qualitative conclusion of exponential growth of the scintillation index is valid for any type of random sound-speed perturbation. However, even at the largest sound-speed variance, ( 2 0 = 10 ?5 ), the approach to the asymptotic behaviour occurs on a scale of about 200 km. From the results in Fig. 2 for the decay rate of modal energies, this results in a transmission loss of about 200dB. In an experimental situation, this somewhat large transmission loss might lead to signal to noise problems. 
